Abstract. For an ideal I in a regular local ring (R, m) with residue class field K = R/m or a standard graded K-algebra R we show that for k ≫ 0
Introduction
Over the last 20 years the study of algebraic, homological and combinatorial properties of powers of ideals has been one of the major topics in Commutative Algebra. In this paper we extend this in two so far unexplored directions. Artin-Rees numbers : The most important invariants of a graded ideal I in a polynomial ring provided by the Betti diagram are the projective dimension and the regularity. A result by Brodmann [3] shows that depth R/I k and hence proj dim I k are constant for k ≫ 0. It was shown in [11] and [4] that the regularity reg I k of I k is a linear function for k ≫ 0 (see also [7] and [8] ) for structural results on the point of stabilization and constant term of the linear function). While the regularity can only be defined for graded ideals, the projective dimension is defined and is a finite number for any ideal in a regular local ring. Thus it is natural to ask: Which numerical invariant of an ideal in a regular local ring corresponds to the regularity of a graded ideal in a polynomial ring? Does one obtain stability in the sense of [11] and [4] for high powers of I ? We approach this question by observing that for a graded ideal, the linearity of reg I k for k ≫ 0 implies that there is an upper bound independent of k for the degrees of the entries of the matrices describing the syzygies of I k . Thus in order to find a suitable replacement for the regularity in the local case we need a measure that bounds the "size" of the entries of the syzygies. We show that the Artin-Rees number (see (1) ) of syzygy modules of I k inside the corresponding free module is constant for large k. We further support the choice of the Artin-Rees number as a substitute for regularity by comparing regularity and Artin-Rees number in Theorem 3.4 for finitely generated graded modules over polynomial rings which implies a linear upper bound on the regularity of I k . Golod property : In [10] Kodiyalam showed that the total Betti numbers β R i (I k ) of an ideal I in a Noetherian local ring are polynomial functions for large k. In the case that R is a polynomial ring and I is a graded ideal, a certain refinement of this statement can be found in the more recent paper [9] . For an ideal I in a regular local ring (R, m) with R/m = K or a polynomial ring R over K we study the Betti numbers β R/I k i (K) of the free resolution of K over R/I k . We show in Theorem 4.1 that R/I k is Golod for k ≫ 0, a homological property that by definition implies trivial multiplication in the Tor algebra Tor (K) and the deviations ε i (R/I k ) are polynomial functions of a specific degree. We were inspired by a result of G. Levin [12, Thm. 3 .15] saying that for any Noetherian local ring (R, m) the canonical epimorphism R → R/m k is a Golod homomorphism for all k ≫ 0.
For the convenience of the reader and due to the lack of suitable references we recall in Section 2 some basic facts about Artin-Rees numbers, and show in Corollary 2.2 how the degrees of the entries of a matrix describing a graded submodule N of a free module F are bounded by the Artin-Rees number ρ(N, F ). In Section 3 we consider the asymptotic behaviour of the Artin-Rees numbers of the syzygies of powers of ideals, prove Theorem 3.3 and Theorem 3.4. In Section 4 we study the Golod property of R/I k and prove Theorem 4.1 and Proposition 4.4. For all unexplained concepts from commutative algebra we refer the reader to the book [6] .
Preliminaries regarding Artin-Rees numbers
Let (R, m) denote a Noetherian local ring or standard graded K-algebra with graded maximal ideal m, M a finitely generated R-module and N ⊂ M a submodule of M. In the graded case we assume that M is graded and N is a graded submodule of M.
By the Artin-Rees Lemma [6, Lem. 5.1], there exists an integer r such that
The smallest such number r is called the Artin-Rees number and will be denoted ρ(N, M).
We denote by S the associated graded ring gr m (R) of R, and by n the graded maximal ideal of S. Of course, if R is standard graded, then R = S and m = n. For an R-module M and x ∈ M with x = 0 we set ℓ(x) = x + m k+1 M where k is the largest integer such that x ∈ m k M. The element ℓ(x) ∈ gr m (M) is called the leading form of x. Proposition 2.1. Let N * be the kernel of the natural epimorphism
In addition, in the graded case
, where W = M/N and κ : M → W is the canonical epimorphism. Hence there exists y ∈ m k+1 W such that κ(x) = y. Let z ∈ m k+1 M with κ(z) = y and set
, and as before we find z ∈ U such that
In other words, x − w ∈ m t+1 M where w = y + z ∈ U. Proceeding in this way we can find for any given number s an element u ∈ U such that x − u ∈ m s+1 M. Choosing s = ρ(N, M), we see that for any x ∈ N there exists u ∈ U such that x − u ∈ mN. Thus we have shown that N = U + mN. Nakayama's lemma implies that U = N, as desired. Corollary 2.2. Suppose R is standard graded and F is a finitely generated graded free R-module with homogeneous basis e 1 , . . . , e s . Let N ⊂ F be a graded submodule of F . Then for any minimal set of homogeneous generators of x 1 , . . . , x t of N with
and
for a suitable choice of x 1 , . . . , x t .
Here we use the convention that deg a = ∞ if a = 0.
Proof. We first prove (3). By Proposition 2.1(a) there exist homogeneous elements x 1 , . . . , x r ∈ N such that the set of leading forms
is a minimal set of generators of N * . By Proposition 2.1(b), x 1 , . . . , x r is a system of generators of N. Since R is standard graded, a suitable subset of x 1 , . . . , x r , say, x 1 , . . . , x t is a minimal set of generators of N. Therefore, ℓ(x 1 ), . . . , ℓ(x t ) is part of a minimal set of generators of N * . Hence, if ℓ(
. . , s}. Thus the assertion follows. Inequality (3) is stronger than Inequality (2). Moreover, the right hand side of Inequality (2) is independent of the chosen minimal system of generators. From this Inequality (2) follows for all minimal systems of generators of N.
Asymptotic behavior of Artin-Rees numbers
In this section we are going to consider the behavior of Artin-Rees numbers of the syzygy modules of powers of ideals and compare them in the graded case with their regularity. For a graded R-module M over a polynomial ring R of projective dimension p we denote by reg j := max{k − j : β R jk (M) = 0}, 0 ≤ j ≤ p, the regularity of its j th syzygy module, here β R jk (M) are the graded Betti numbers of M over R. In particular, reg 0 (M) is the maximal degree of a homogeneous generator of M. We write reg(M) := max 0≤j≤p reg j (M) for the regularity of M. For the sake of later use we also introduce here for an module M over a standard graded or local ring R the notation β R i (M) for the i th Betti number of M over R. Since powers of ideals are best studied as the graded components of Rees algebras, which for graded ideals have a natural bigraded structure, one is led to consider bigraded modules.
and W a finitely generated bigraded T -module. For each integer k consider the finitely generated graded A-module
Proof. Let w 1 , . . . , w r be a set of homogeneous generators of W with deg
We may assume that a 1 ≤ a 2 ≤ · · · ≤ a r . Let B = K[y 1 , . . . , y m ] be the polynomial ring over K in the variables y 1 , . . . , y m . Then
On the other hand, if
Applying induction on the number of generators of W , the desired conclusion follows.
Let S = R[y 1 , . . . , y m ] be the polynomial ring over (R, m) in the variables y 1 , . . . , y m , where according to our general assumption R is either a Noetherian local ring or a standard graded K-algebra. We consider S to be a graded ring by setting deg a = 0 for all a ∈ R \ {0} and deg y j = 1 for j = 1, . . . , m. In particular, for a finitely generated graded S-module M each graded component M k is a finitely generated R-module. 
Thus we may view N * to be a bigraded T -module. Applying Lemma 3.1, we conclude that ρ(N k , M k ) is constant for k ≫ 0.
Next we will apply this result to study the Artin-Rees numbers of the syzygies of powers of an ideal. Let (F, ϕ) be a graded free R-resolution of M. The j th syzygy module of M with respect to F is defined to be the module N j = Im(ϕ j ) ⊂ F j−1 . In the case that (F, ϕ) is a graded minimal free R-resolution of M, we set ρ j (M) := ρ(N j , F j−1 ) for all j ≥ 1 and ρ 0 (M) := reg 0 (M). Theorem 3.3. Let (R, m) be a Noetherian local ring or a standard graded K-algebra with graded maximal ideal m, and I ⊂ m an ideal. In the case that R is graded, we assume that I is a graded ideal. Then for all j ≥ 1 there exists an integer c j such that ρ j (I k
Proof. The Rees ring R(I) = k≥0 I k t k of I = (f 1 , . . . , f m ) is a standard graded Ralgebra with generators f i t for i = 1, . . . , m. Let S = R[y 1 , . . . , y m ] be the polynomial ring over R in the indeterminates y 1 , . . . , y m . We define the surjective R-algebra homomorphism κ : S → R(I) with κ(y i ) = f i t for i = 1, . . . , m. Then R(I) = S/J, where J = Ker κ. Let (F, ϕ) be a graded minimal free S-resolution of R(I), minimal in the sense that ϕ(F) ⊂ nF, where n = (m, y 1 , . . . , y m ).
We denote by F (k) the k th homogeneous component of the resolution F. Then 
This yields the desired conclusion.
The following result provides a comparison of the numbers ρ j (M) with the regularity reg(M) of M in the case that M is a graded module over the polynomial ring.
Theorem 3.4. Let R = K[x 1 , . . . , x n ] be the polynomial ring, and M a finitely generated graded R-module of projective dimension p. Then
In particular, reg(M) ≤ max{ the matrix representing the differential ∂ j : F j → F j−1 with respect to homogeneous bases of F j−1 and F j . The assertion of the theorem will follow once we have shown that
This inequality will be shown by induction on j. For j = 0, the inequality is an equality by the definition of ρ 0 (M). Now assume that j > 0. By a suitable choice of a basis of F j we may assume that the matrix α satisfies 
from which it follows that j k=0 ρ k (M) ≥ b jr 0 , as desired.
By [10] and [4] it is known that for a graded ideal I ⊂ K[x 1 , . . . , x n ] there exist integers a and b such that reg(I k ) = ak + b for all k. By using Theorem 3.4 and Theorem 3.3 we obtain Corollary 3.5. Let I ⊂ K[x 1 , . . . , x n ] be a graded ideal, then there exist integers a and b such that reg(I k ) ≤ ak + b for all k.
The Golod property
Let (R, m) be a Noetherian ring with residue class field K, or a standard graded K-algebra with graded maximal ideal m, and let x = x 1 , . . . , x n a minimal (homogeneous) system of generators of m. We denote by (K(R), ∂) the Koszul complex of R with respect to x. Let Z(R), B(R) and H(R) denote the module of cycles, boundaries and the homology of K(R).
Recall (see [2, Def. 5.5 and 5.6]) that R is said to be Golod, if for each subset S of homogeneous elements of i+1 a for a ∈ K i (R).
A function γ defined on finite sequences from S with the properties (G1) and (G2) is called a Massey operation on S In this section we want to prove the following Theorem 4.1. Let (R, m) be a regular local ring or the polynomial ring over K with graded maximal ideal m, and I ⊂ m an ideal. We assume that I is graded if R is the polynomial ring. Then the ring R/I k is Golod for k ≫ 0.
Given integers i, s ≥ 1 and an integer j ≥ 0 there is a natural R-module homomorphism * :
which is defined as follows: observing that
t ) be the canonical epimorphism which assigns to u ∈ K i (R) the residue class u + I t K i (R). Now if a ∈ I j and v = u + I s K i (R) ∈ K i (R/I s ). Then we set a * v := au + I s+j K i (R). Obviously this map is well defined, that is, independent of the choice of u. By a simple calculation it follows that for a ∈ I j , b ∈ I ℓ and v
. Thus * induces a map
We will denote the image of the map * :
For the proof of the theorem we shall need the following Lemma 4.2. There exists an integer s ′ such that for s ≥ s
for all integers i ≥ 1 and j ≥ 0.
. By using this isomorphism it follows that I j ⊗ H i (R/I s ) → H i (R/I s+j ) is surjective if and only if the map (5) with a ⊗ [z] → [az] is surjective. Thus it amounts to show that there exists an integer s such that
is surjective for all i = 0, . . . , n − 1 and all j ≥ 0.
To this end we consider the Koszul complex K(x; R(I)) of the sequence x with values in the Rees ring R(I) of I. Recall that H i (x; R(I)) is a finitely generated graded R(I)-module with graded pieces
where the graded R(I)-module structure is given by (5) . Thus for each i there exists an integer s i such that
Hence the number s ′ = max{s 0 , . . . , s n−1 } satisfies the condition of the lemma.
Proof of Theorem 4.1. In the case that R is the polynomial ring, we denote byR the m-adic completion of R. Since H(R/IR) = H(R/I), we may replace R by its completion and may therefore assume that R is local. We claim the following: for any integer r ≥ 1, there exists an integer s r such that for all k ≥ s r and each homogeneous subset S ⊂ n i=1 H i (R/I k ) there exists a function γ, defined on the set of sequences of elements of S of length ≤ r, such that (G1) and (G2) hold.
The claim will yield the desired result, since for any such function we have that γ(h 1 , . . . , h r ) ∈ K a (R/I k ) where a ≥ 2r − 1. Hence if r ≥ n/2 + 1, we necessarily have γ(h 1 , . . . , h r ) = 0.
We will prove the claim by induction on r. For r = 1, we may choose s r = 1 and the assertion is trivial. Now let r ≥ 1 and assume that the claim is proved for all integers ≤ r. By Lemma 4.2 there exists an integer s such that
for all k ≥ s and all i > 0. We set s r+1 = max{s r , s} + 1. Let G = {g 1 , . . . , g t } be a homogeneous K-basis of n i=1 H i (R/I sr ). By induction hypothesis there exists a function γ, defined on the set of sequences of elements of G of length ≤ r, such that (G1) and (G2) hold.
Let k ≥ s r+1 and let S ⊂ n i=1 H i (R/I k ) be any set of homogeneous elements. We are going to define a function γ on sequences from S of length r + 1 satisfying (G1) and (G2).
First, let h 1 , . . . , h m be any sequence of elements h i ∈ S of length m ≤ r. Since s r+1 > s, each h i can be written as h i = t j=1 a ij g j with a ij ∈ I k−sr and all
We define γ on this sequence by multi-linear extension, that is, we set 1j 1 a 2j 2 · · · a mjm )  *  γ(g j 1 , . . . , g jm ) .
Here we consider a 1j 1 a 2j 2 · · · a mjm as an element of I k−sr so that γ(h 1 , . . . , h m ) ∈ K(R/I k ). Next we verify that the function γ satisfies (G1) and (G2) on sequences from S of length ≤ r:
(G1) Let h ∈ S with presentation h = t j=1 a j g j where a j ∈ I k−sr for all j. Since γ(g j ) ∈ Z(R/I sr ) it follows that a j * γ(g j ) ∈ Z(R/I k ), and hence we see that γ(h) = t j=1 a j * γ(g j ) belongs to Z(R/I k ) as well. Moreover, we have
(G2) Since ∂ is linear with respect to * we have
where the sum is taken over all j k ranging between 1 and t. For each of the summands in ∂γ(h 1 , . . . , h m ), by using a * (v + w) = a * v + a * w and (ab) * (vw) = (a * v)(b * w), we have
Summing over all indices j t independently yields the desired identity (G2).
In order to define γ on sequences of elements of S of length r + 1, it suffices to show that for any sequence h 1 , . . . , h r+1 of elements from S, the element
is a boundary of K(R/I k ). To this end, observe that b is a linear combination of expressions of the form
with coefficients in I (r+1)(k−sr) ⊂ I k−sr . Let a be the coefficient of b ′ . Since b ′ is a boundary in K(R/I sr ) and a ∈ I k−sr , it follows that ab ′ is a boundary in K(R/I k ). Thus b ∈ B(R/I k ), as desired.
In the following we consider for a Noetherian local ring (R, m) with residue field K = R/m or a standard graded K-algebra R with graded maximal ideal m its deviations ε i (R) and the Betti numbers β R i (K) of the minimal free resolution of K = R/m over R. We refer the reader to [1] and [5] for standard facts about these invariants. The characterization of the Golod property in terms of Poincaré-Betti series (see [5, Cor. 4.2.4] 
The next result will exploit this Corollary in order to obtain specific information about the growth of β R/I k i (K) and ε i (R/I k ) as a function of k. For the formulation of the result we denote for an ideal I by ℓ(I) its analytic spread. 
Proof of Proposition 4.4 (i). By Theorem 4.1 the ring R/I k is Golod for k ≫ 0. Hence by Corollary 4.3 the Equation (7) is valid for k ≫ 0. Multiplying with the denominator of the right hand side of (7) we obtain for 2 ≤ i :
Now by [10, Cor. 7] each β R i (R/I k ) is a polynomial in k for k ≫ 0. We assume that k is large enough to satisfy the two preceding conclusions. We know that β R/I k 0 (K) = 1 and β
Hence we deduce from (7) and induction on i that β
Before we can proceed to the proof of Proposition 4.4 (ii) we need some simple calculations relating ε i (R/I) and β R/I i (K) for general regular local rings (R, m) or polynomial rings R and (graded) ideals I. Recall that for i ≥ 0 the deviations ε i (R/I) can be defined through
We now assume that k ≫ 0 is large enough so that Equation (7) from Corollary 4.3 is valid for R/I k . For sake of simple notation we will for a moment abbreviate ε i (R/I k ) by ε i and β R i (R/I k ) by β i . Taking the logarithm on the left hand side of (8) we obtain: Taking logarithm on the right hand side of (7) we obtain:
By comparing coefficients of z i+1 i from (9) and (10) Hence there is no contribution in degree (ℓ(I) − 1)⌊ i+1 2
⌋ from the ε j (R/I k ) for j < i on the right hand side of (11) . Thus the assertion follows.
